Abstract-Virtual full-duplex (VFD) is a powerful solution to compensate the rate loss of half-duplex relaying without the need to full-duplex capable nodes. Inter-relay interference (IRI) challenges the operation of VFD relaying systems. Recently, improper signaling is employed at both relays of the VFD to mitigate the IRI by imposing the same signal characteristics for both relays. To further boost the achievable rate performance, asymmetric time sharing VFD relaying system is adopted with different improper signals at the half-duplex relays. The joint tuning of the three design parameters improves the achievable rate performance at different ranges of IRI and different relays locations. Extensive simulation results are presented and analyzed to show the achievable rate gain of the proposed system and understand the system behavior.
I. INTRODUCTION
Cooperative relaying has been implmented in several standards to improve the communication links performance and reliablity in wireless networks [1] . Different techniques are adopted to develop the cooperative relaying operation such as relay selection and resource allocation [2] , [3] . The current implementations consider half-duplex (HD) relays that transmit and receive in different time or frequency slots. To compensate the spectral efficiency loss in HD relaying cooperative systems, full-duplex (FD) relaying systems are used double the spectral efficiency by allowing the relays to transmit and receive simultaneously in the same frequency band. However, implementing FD relaying systems requires the availability of new transceiver nodes with special hardware requirements to overcomes the strong self-interference [4] .
Virtual full-duplex (VFD) relaying system was proposed in [5] to realize the FD relaying system in a distributed manner without upgrading the network hardware 1 . VFD uses two HD relays to transmit and receive in turn, i.e., the source (destination) transmits (receives) a message in every time slot similar to the FD mode while being subjected to less interference than FD relaying. The interference source in VFD is the HD relay that transmits its signal to the destination, meanwhile the other relay receives this interfered signal which is known in literature by Inter-relay interference (IRI). The operation of VFD relaying scheme can be limited by the IRI unless suitable interference mitigation techniques are used [6] .
Improper signaling is recetly proved its effectivness to reduce the interference impact on different communication 1 VFD is known also as two-path relaying or alternate relaying.
systems [7] - [10] . Improper signaling is a asymmetric Gaussian signaling scheme with unequal power of the real and imaginary components and/or dependent real and imaginary components. As such, it has the ability to control the interference signature in the signal dimension, and thus it is considered as kind of signal interference alignment [11] . Recently, we considered the VFD relaying problem and we showed that the IRI can be significantly alleviated if the HD relays transmit improper signals [7] , [12] . Specifically, in [12] , we assumed that both relays use the improper signals with the same statistical characteristics and adjust the degree of impropriety which is measured by the so-called circularity coefficient. On the other hand, in [7] , we optimized both the power and the circularity coefficient of the improper signal assuming using the same signal characteristics of both relays. Although imposing the same signal characteristics of both relays resulted in a notable gain for VFD in [7] , [12] compared with the the traditional symmetric Gaussian signaling, optimizing the statistical characteristics for each relay would achieve more gain than fixed relays characteristics especially for asymmetric relay locations.
In this paper, we introduce a generalize study of [12] that allows the relays to use different statistical characteristics in order to maximize the benefits of the improper Gaussian scheme. Moreover, to further boost the rate performance of the VFD, we assume asymmetric VFD system that uses unequal transmission phases.
II. VIRTUAL FULL-DUPLEX RELAYING SYSTEM WITH
ASYMMETRIC TIME SHARING Consider a VFD relaying network consisting of one source node, S, two HD relay nodes, R 1 and R 2 , and one destination node, D, as shown in Fig. 1 . The relays transmit and receive in turn, i.e., one relay relay transmits and the other one receives in one time slot, while the scenario is reversed in the next time slot. Moreover, we assume asymmetric time slots by considering the odd time slots with a normalized duration of τ and odd time slots with a normalized duration of 1 − τ . For equal time sharing between the two transmission phases, we have τ = 0.5. As for the relaying protocol, we assume decodeand-forward (DF) at both relays. Let h i and g i , i ∈ {1, 2}, denote the channel between S and R i , and the channel between R i and D, respectively. We assume channel reciprocity for the inter-relay channel, which is denoted by f . Moreover, we assume the source transmit power is p s , the relay transmit power is p r , and the noise variance at each receiving node is σ 2 n . The transmit power terms are limited to a power budget of p max .
During time k, the signal received at R i with i = 2 − mod (k, 2) is given by
where s[k] is the transmit proper signal by S in time slot k and n i [k] is the additive noise at R i with variance σ 2 n . x j [k] is the improper signal, with circularity coefficient C j , transmitted by R j with j = 1 + mod (k, 2). The received signal at D from R i in time slot k + 1 is given by
where n[k + 1] is the additive noise at D. In the following, we assume that the channels are assumed to be quasi-static block flat fading channels, and therefore we drop the time index k for notational convenience. The additive noise at the receivers is modeled as a white, zero-mean, circularly symmetric, complex Gaussian with variance σ 2 n . Similar to [12] , we assume that no channel state information is available at S and hence dirty paper coding cannot be used to fully cancel the IRI. Also, we assume a fixed transmit power at the relays and no direct link is available between S and D. However, on the contrary to [12] , we assume here that the relays have different circularity coefficients and the relays' transmission phases could be unequal, which are expected to give a better performance than in [12] where we assume the same circularity at both relays for tractability and simplification along with equal time slots duration. The reason of the expected advantage here is that our new model here provides more degrees of freedom in the design problem than can be exploited to mitigate the IRI.
III. VIRTUAL FULL DUPLEX PERFORMANCE
In this section, we express the achievable rate performance of the VFD system when the relays employ different improper 2 For the rest of the paper, we let j, i ∈ {1, 2}, j = i signals. Moreover, the VFD uses different duration of relaying phases. Before analyzing the achievable rate of the proposed system, we introduce the following basics about improper signaling.
A. Improper Signaling
First, we consider a zero mean random Gaussian variable x definitions of improper Gaussian random variables. Definition 3. The circularity coefficient of the signal x is a measure of its impropriety (asymmetry) degree and is defined as
2 } is the conventional variance and |.| is the absolute value operation [8] .
From the aforementioned definitions, the circularity coefficient is bounded such that 0 ≤ C x ≤ 1. In particular, C x = 0 and C x = 1 correspond to proper and maximally improper signals, respectively. Lemma 1. The achievable rate expression of a single link that is subjected to interference and noise z when x is transmitted and observed as y is expressed as [14] 
B. Achievable Rate Performance
As a result of using improper signals at R j and proper signals at S in addition to using unequal time slots durations, while treating the interference as Gaussian noise, the achievable rates of the VFD system is analyzed based on Lemma 1.
First, the first hop of the ith path (S − R i ) can be expressed after some simplification steps as [12] , [14] 
Similarly, the achievable rate of the second hop of the ith path can be obtained from (2) as
Accordingly, the overall end-to-end achievable rate of the twopath relaying system is expressed as
where
For equal time sharing τ = 0.5, the effective achievable rate of the ith path, R i can be simplified after some algebraic steps giving (8) that appears on the top of the following page.
IV. ADAPTIVE RATE PERFORMANCE OF VIRTUAL FULL DUPLEX RELAYING
Designing adaptive VFD system can be done through the optimization of different system parameters. When proper signals are adopted, R i can improve the rate of the second hop of the ith by increasing its transmit power. However, this will deteriorate the rate of the first hop of the jth path by increasing the interference level. Therefore, improper signaling comes into the scene to reduce the interference. By increasing the asymmetry of the relay's transmit signal, i.e., by increasing the circularity coefficient, the relay can increase its power with reduced effect on the other relay. Moreover, optimizing the transmission phases duration can help to improve the system performance as we could use the phase which has the worst channel condition less frequently than the other phase. To maximize the achievable rate performance, we formulate the following optimization problem
To evaluate the performance of the VFD system employing different improper signals at each relay and operating with asymmetric time sharing, we solve the non-convex optimization problem in (9) using grid search algorithm as finding a closed-form solution appears to be very challenging. Then, we investigate the impact of different system parameters on the achievable rate performance of the VFD system through different numerical scenarios in the following subsections.
A. Impact of Inter-Relay-Interference on the achievable Rate Performance
In this study, we aim to investigate the achievable rate performance of VFD with different designing scenarios versus the IRI. To this end, we consider the achievable rate performance of the following scenarios in Fig. 2 : different circularity coefficients at the relays and the same circularity, i.e., C i = C j = C x , assuming equal and optimal time sharing strategies. Moreover, the optimized parameters are shown in Fig. 3 for each scenario.
First, we observe that the rate performance of the systems uses improper signaling is superior to the proper ones in both time allocation strategies at mid and high values of IRI. While, all scenarios tend to perform quite similar at low IRI. In this case, the IRI channel is weak and each relay can transit with a higher power without affecting the other relay. As the IRI channel becomes stronger, the relay with proper signaling cannot use higher power to avoid deteriorating the performance of the other relay. On the other hand, when improper signals are adopted, the relays can use higher powers and compensate their interference effect by increasing the signal asymmetry achieved by increasing the circularity coefficient as shown in Fig. 3 . As for adopting different circularity coefficients at both relays, the performance gain is notable compared with a single circularity coefficient as a result of asymmetric system setup, which is mostly the case in a general practical setup. Finally, at very high IRI, while proper performance severely deteriorate, improper signaling performance saturates at a constant rate value.
As for the time sharing optimization impact on the achievable rate performance, has an apparent effect on improving the performance as it compensates the effect of bad links. To understand the time sharing solution performance, we consider separate hops cases as follows. Firstly, assume we deal with S−R 1 −D path only, we find the optimal time sharing solution reduces to be more than 0.5 in order to compensate the first link performance, which applies for all IRI range. Secondly, assume S−R 2 −D path only, the optimal time sharing solution reduces also to be more than 0.5 in order to compensate the first link performance for low IRI. On the other hand, the optimal time sharing solution reduces also to be less than 0.5 for high IRI to compensate the performance of S − R 2 hop. To have an idea about the time sharing solution trend of the VFD system with proper signaling, we consider the extreme cases of very low and high IRI values. At very low IRI values, both paths S − R 1 − D and S − R 2 − D needs more than 0.5 time sharing as seen in Fig. 3 . On the other hand, at high IRI, the second path S − R 2 − D dominates the achievable rate performance, thus the time sharing solution reduces to its solution, which is less than 0.5 as shown in Fig. 3 . Furthermore, when adopting improper signaling, the effect of the IRI is significantly relieved via increasing the
where Average Rate (bits/sec/Hz)
Optimal Time Sharing
Equal Time Sharing transmitted signal asymmetry which gives the chance for both good and bad transmission phases to be nearly used during the transmission of date from S to D.
B. Rate Performance of the VFD System under Maximally Improper Signaling
In Fig. 4 , we evaluate the rate performance of the VFD system when adopting only maximally improper signals at the relays, i.e., the signal lies either on the real or imaginary dimension. For each of the time sharing strategies, we find that the IRI range is divided into two regions according to the performance superiority. At low IRI, proper signaling is the best scheme, while the maximally improper signal achieves the best performance at mid and high. These results matches the optimal circularity values in Fig. 3 where the circularity coefficients tend to be 1 at high IRI. Moreover, using discrete design for the circularity coefficients reduces the complexity design and achieves a notable performance improvement. One can notice also from Fig. 3 that the boundary of the two regions is shifted to the right in case of equal time sharing which means that we could still use proper signaling for a higher value of the IRI when symmetric time sharing is considered and vice versa.
C. Impact of Asymmetric Relays Location on the Achievable Rate Performance
In this study, we investigate the effect of asymmetric relays location on the system performance with different optimized parameters. For this purpose, we plot the average achievable rate of different optimized systems in Fig. 5 versus the normalized distance between from S to R 2 3 . R 1 is assumed to be fixed in the middle distance between S and D. As for the average optimized design parameters, they are plotted in Fig. 6 .
Firstly, the gain of employing improper signals with optimal time sharing over proper with/without optimal time sharing exists in all distance range. The maximum gain exists in the middle relays location, while the maximum rate is achieved when R 2 is located near to S. The benefit of using different circularity coefficient at both relays is observed whenever the VFD system becomes asymmetric in the structure, i.e., when R 2 is located near to the S or D which accordingly reflects on the time sharing gain. Also, the bigger time sharing gain is achieved when R 2 is located near to the source, which has low IRI and this confines with the results in Fig. 2 . For the specific distance value of 0.5, all channel gains of the transmission links are symmetric and hence maximally improper with equal time sharing is optimal as it is clear from Fig. 6 . This is because there is no advantage of one transmission phase over the other one. This observation is also true here as the rates of all improper schemes nearly coincides at this point. The same observation is valid also for proper signaling which coincides to a very small rate value as this configuration yields the maximum IRI, which proper signaling fails to deal with even with optimal time sharing.
Also, from Fig. 6 , for proper signaling, as R 2 moves towards R 1 , its direct channel with S gets weaker and also the IRI from R 1 increases. Hence, the first hop of the second path deteriorates. As discussed previously, From the point of view of the S − R 2 − D path, τ should be decreased in order to 3 All distances in this simulation setup is normalized by the distance of the direct link between S and D. Average Rate (bits/sec/Hz) maximize the effective rate of the second path by increasing the rate of its first hop which is used with 1−τ . However, while R 2 is moving to the right, the first hop of the S − R 1 − D path deteriorates and it tries to increase τ to boost the rate of the first hop as it is used with τ . Furthermore, if R 2 is still in between S and R 1 , its first hop channel quality is still better than the first hop of the first path and hence, the overall optimization should favor the second path endeavor of decreasing τ . This will be valid until certain distance (approx. 0.3) in which the trade-off between the two paths can be obtained by solving the optimization problem according to the channel conditions of the simulation setup. As R 2 crosses the middle point, with the same aforementioned explanation, the optimization will favor the first path endeavor of increasing τ and hence the optimal time sharing parameter increases. For improper signaling, thanks to the power of adjusting the transmitted signal asymmetry, the effect of the IRI can be significantly relieved and the optimal time sharing parameter is around 0.5, i.e., equal time sharing, which tries to make use of the two transmission phases similar to Fig. 3 .
V. CONCLUSION
In this paper, we consider a VFD relaying system under adopting improper signaling at the relays with different time sharing of the two transmission phases of the system. The achievable rates of the VFD system are developed based on the signal and time sharing asymmetries. Then, the VFD system parameters are optimized using a grid search algorithm in order to maximize the overall end-to-end achievable rate. Simulation results show the advantages of adopting improper signaling with optimized time sharing over proper with/without equal time sharing, at mid and high inter-relay interference (IRI) values. Moreover, the benefits of employing two different circularity coefficients at the relays can be reaped if the VFD system setup is asymmetric.
